Abstract: We compute the decoupling relations for the strong coupling, the light quark masses, the gauge-fixing parameter, and the light fields in QCD with heavy charm and bottom quarks to three-loop accuracy taking into account the exact dependence on m c /m b . The application of a low-energy theorem allows the extraction of the three-loop effective Higgs-gluon coupling valid for extensions of the Standard Model with additional heavy quarks from the decoupling constant of α s .
Introduction
QCD where all six quark flavours are treated as active degrees of freedom is rarely used in practical applications. If the characteristic energy scale is below some heavy-flavour masses, it is appropriate to construct a low-energy effective theory without those heavy flavours. The Lagrangian of this theory has the same form as the one of QCD plus corrections suppressed by powers of heavy-quark masses. Usually, heavy flavours are decoupled one at a time which results in a tower of effective theories, each of them differ from the previous one by integrating out a single heavy flavour. The parameters of the Lagrangian of such an effective low-energy QCD (α s (µ), the gauge fixing parameter a(µ), light-quark masses m i (µ)) are related to the parameters of the underlying theory (including the heavy flavour) by so-called decoupling relations. The same holds for the light fields (gluon, ghost, light quarks) which exist in both theories. QCD decoupling constants are known at two- [1, 2, 3] , three- [3] and even four-loop order [4, 5] .
The conventional approach just described ignores power corrections in ratios of heavyquark masses. Let us, e.g., consider the relation between α 2 is not taken into account in the standard approach, although, it might be comparable with the four-loop corrections of order (α s /π) 4 . In the present paper, we consider (m c /m b ) n power corrections at three loops by decoupling b and c quarks in a single step.
Of course, the results presented in this paper are generic and apply to any two flavours which are decoupled simultaneously from the QCD Lagrangian. Our full theory is QCD with n l light flavours, n c flavours with mass m c , and n b flavours with mass m b (in the real world n c = n b = 1). Furthermore we introduce the total number of quarks n f = n l +n c +n b . We study the relation of full QCD to the low-energy effective theory containing neither b nor c.
The bare gluon, ghost and light-quark fields in the effective theory are related to the bare fields in the full theory by with α s0 = g 2 0 /(4π) 1−ε ; Π A (q 2 ), Π c (q 2 ) and Σ(q) = / qΣ V (q 2 ) + m q0 Σ S (q 2 ) are the (bare) gluon, ghost and light-quark self-energies (we may set all light-quark masses to 0 in Σ V and Σ S ). The fields renormalized in the on-shell scheme coincide in both theories; therefore, the bare decoupling coefficients (1.2) are the ratio of the on-shell renormalization constants of the fields. In the effective theory all the self-energies vanish at q = 0 (they contain no scale), and the on-shell Z factors are exactly 1. In the full theory, only diagrams with at least one heavy-quark loop survive. 1 Next to the fields also the parameters of the full and effective QCD Lagrangian are related by decoupling constants where a is the gauge parameter defined through the gluon propagator
The bare decoupling constants in Eq. The Acc, Aqq and AAA proper vertex functions are expanded in their external momenta, and only the leading non-vanishing terms are retained. In the low-energy theory they get no loop corrections, and are given by the tree-level vertices of dimension-4 operators in the Lagrangian. In full QCD (with the heavy flavours) they have just one colour and tensor (and Dirac) structure, namely, that of the tree-level vertices (if this were not the case, the Lagrangian of the low-energy theory would not have the usual QCD form 2 ). Therefore, we have the tree-level vertices times (1 + Γ i ), where loop corrections Γ i contain at least one heavy-quark loop. The various versions in the first line of Eq. (1.5) are obtained with the help of the QCD Ward identities involving three-particle vertices. In our calculation we restrict ourselves for convenience to the ghost-gluon vertex. Note that the gauge parameter dependence cancels in ζ 0 αs and ζ 0 m whereas the individual building blocks in Eq. (1.5) still depend on a. This serves as a check of our calculation.
The MS renormalized parameters and fields in the two theories are related by
where we allow for two different renormalization scales in the full and effective theory. The finite decoupling constants are obtained by renormalizing the fields and parameters in 1 At low q = 0, the self-energies in the full theory are given by sums of contributions from various integration regions, see, e. g., [6] ; the contribution we need comes from the completely hard region, where all loop momenta are of order of heavy-quark masses. 2 The Aqq vertex at 0-th order in its external momenta obviously has only the tree-level structure. For the Acc vertex at the linear order in external momenta, this statement is proven in Appendix B. The AAA vertex at the linear order in its external momenta can have, in addition to the tree-level structure, one more structure: [7] ), thus excluding this second structure.
Eqs. (1.2) and (1.3) which leads to
where
are the MS renormalization constants in n f -flavour QCD which we need up to three-loop order.
Calculation
Our calculation is automated to a large degree. In a first step we generate all Feynman diagrams with QGRAF [8] . The various diagram topologies are identified and transformed to FORM [9] with the help of q2e and exp [10, 11] (these topologies have been investigated in [12] ). Afterwards we use the program FIRE [13] to reduce the two-scale three-loop integrals to four master integrals which can be found in analytic form in Ref. [14] .
As a cross check we apply the asymptotic expansion (see, e.g., Ref. [6] ) in the limit m c ≪ m b and evaluate five expansion terms in (m c /m b ) 2 . The asymptotic expansion is automated in the program exp which provides output that is passed to the package MATAD [15] performing the actual calculation.
In the following we present explicit results for the two-point functions and Γ Acc needed for the construction of the decoupling constants. Other vertex functions can be easily reconstructed from the bare decoupling coefficient ζ 0 αs in Section 3 (see Eq. (1.5)).
Gluon self-energy
The bare gluon self-energy at q 2 = 0 in the full theory can be cast in the following form 3
where the exact dependence on ε = (4 − d)/2 (d is the space-time dimension) of the bare two-loop result is given by
and C A = N C are the eigenvalues of the quadratic Casimir operators of the fundamental and adjoint representation of SU (N C ), respectively, and T F = 1/2 is the index of the fundamental representation). The three-loop quantities P hg , P hl and P hh are only available as an expansion in ε. The analytic results read
3)
, and [16]
A new result obtained in this paper is the analytic expression for P bc (x) which arises from diagrams where b and c quarks are simultaneously present in the loops (see Fig. 1 for typical diagrams). The analytic expression is given by The notation is adopted from Fig. 1 .
with L = log x, p F (x) = 9 128
where the functions L ± (x) are defined in (A.6). The function P bc (x) satisfies the properties 5) which are a check of our result. For x → 0, the hard contribution to P bc (x)x −3ε is given by P hl . However, there is also a soft contribution, and it is not possible to obtain a relation between P bc (x → 0) and P hl if they are expanded in ε (this would be possible for a non-zero ε < 0, cf. (A.9)).
Ghost self-energy
The bare ghost self-energy at q 2 = 0 can be cast in the form 6) where the two-loop term is given by
and the ε expansions of the single-scale three-loop coefficients read
The function C bc (x) is obtained from the diagram of Fig. 2 and can be written as 10) where Π b (k 2 ) and Π c (k 2 ) are the b-and c-loop contributions to the gluon self-energy. The integral I(x) is discussed in Appendix A where an analytic result is presented. In analogy to Eq. (2.5), we have
For a non-zero ε < 0, C bc (x → 0) → C hl x 3ε (only the hard part survives in (A.9)).
Light-quark self-energy
The parts of the light-quark self-energy Σ V (0) and Σ S (0) (with vanishing light-quark masses) are conveniently written in the form
and
Exact d-dimensional expressions for these coefficients have been obtained in [17] . The quantities V bc (x) and S bc (x) arise from diagrams similar to Fig. 2 and can be expressed in terms of I(x):
They satisfy the relations analogous to Eq. (2.5) which again serves as a welcome check of our calculation. Retaining only the hard part of (A.9) for x → 0, we reproduce V hl , S hl . V bc has been calculated up to O(ε 3 ) in Ref. [18] .
Ghost-gluon vertex
The two-loop correction vanishes in the arbitrary covariant gauge exactly in ε, see Appendix B. For the same reasons, the three-loop correction contains only diagrams with a single quark loop (bottom or charm), and vanishes in Landau gauge:
16)
Decoupling for α s
The gauge parameter dependence cancels in the bare decoupling constant (1.5) (which relates α
s0 , see Eq. (1.3)). Since the result is more compact we present analytical expressions for ζ 0 αs −1 which reads ζ 0 αs
Note that Z bc (x −1 ) = Z bc (x), Z bc (1) = 2Z hh . If desired, the vertices Γ Aqq and Γ AAA can be reconstructed using Eq. (1.5).
In order to relate the renormalized couplings α
s (µ), we first express all bare quantities in the right-hand side of the equation
via the MS renormalized ones [19, 20, 21, 22] 
(and similarly for m c0 ). This leads to an equation where α
s0 is expressed via the n fflavour MS renormalized quantities 4 α (n f ) s (µ), m c (µ) and m b (µ). In a next step we invert the series α
s0 , and substitute the series for α (n l ) s0 derived above. In order to obtain compact formulae it is convenient to set µ =m b wherem b is defined as the root of the equation
We obtain (L = log x)
5) where
The functions
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are defined in such a way that d F,A (1) = 0. Thus for x = 1 Eq. (3.5) reduces to the ordinary decoupling of n b + n c flavours with the same mass [3] . For x ≪ 1 the functions d F (x) and
s (m c (m b )) can be obtained by inverting the series (3.5). If one wants to express α (ii) use the decoupling relation derived above; and (iii) run from µ c to µ ′ in the n l -flavour theory (with resummation). The steps (i) and (iii) can conveniently be performed using the program RunDec [23] .
In the case of QCD (T F = 1/2, C A = 3, C F = 4/3, n b = n c = 1) the decoupling constant in Eq. (3.5) reduces to (for ε = 0)
For x ≪ 1 the coefficient of (α s /π) 3 becomes
Decoupling for the light-quark masses
The bare quark mass decoupling coefficient ζ 0 m of Eq. (1.2) is determined by Σ V (0) and Σ S (0), see Eq. (2.12); it is gauge parameter independent. The renormalized decoupling constant ζ m in Eq. (1.7) (see [21, 22] for the mass renormalization constants) can be obtained by re-expressing α 
1) where
At x = 1 this result reduces to the ordinary decoupling of n b + n c flavours with the same mass [3] . Specifying to QCD leads to (for ε = 0)
+ 5ζ 3 (n l + 1) + 1 72
where for x ≪ 1 the coefficient of (α s /π) 3 takes the form 
Decoupling for the fields

Gluon field and the gauge parameter
Decoupling of the gluon field and the gauge fixing parameter are given by the same quantity
In a first step we replace the bare quantities in the right-hand side via the renormalized ones using Eqs. 
and thus we express a (n l ) 0 via the n f -flavour renormalized quantities. In a next step we can find a (n l ) (µ ′ ) in terms of a (n l ) 0 by solving the equation
iteratively. The result reads
where 
with a ≡ a (n f ) (m b ). The easiest way to express
) and then solve it for a (n f ) (m b ) iteratively.
Light-quark fields
The bare decoupling coefficient ζ 0 q of Eq. (1.2) is determined by Σ V (0) (cf. Eq. (2.12)). The renormalized version ζ q (1.7) can be obtained (see Refs. [24, 26, 20] for the three-loop wave function renormalization constant) by re-expressing α (n l ) s and a (n l ) in the denominator via the n f -flavour quantities (see Sects. 3 and 5.1; note that positive powers of ε should be kept). The result can be cast in the form
5) where
Note that the power corrections in x drop out in the sum of all diagrams. For x = 1 this result reduces to the ordinary decoupling of n b + n c flavours with the same mass [3] (see Ref. [17] for an expression in terms of C A and C F ).
Ghost field
The bare decoupling coefficient ζ 0 c in Eq. (1.2) is determined by Π c (0) as given in Eq. (2.6). The renormalized decoupling constant ζ c of Eq. (1.7) is given by (see Refs. [25, 20] for the corresponding renormalization constant) 
T F (n b + n c ) 8 
Phenomenological applications
In this section we study the numerical consequences of the decoupling relations computed in the previous sections. For convenience we use in this Section the decoupling relations in terms of on-shell heavy quark masses (see Appendix C and the Mathematica file which can be downloaded from [27]) which we denote by M c and M b .
α (5)
Let us in a first step check the dependence on the decoupling scales which should become weaker after including higher order perturbative corrections. We consider the relation between α
s (M τ ) has been extracted from experimental data using perturbative results up to order α 4 s [28] . Thus it is mandatory to perform the transition from the low to the high scale with the highest possible precision. In the following we compare the conventional approach with the single-step decoupling up to three-loop order.
For our analysis we use for convenience the decoupling constants expressed in terms of on-shell quark masses. In this way the mass values are fixed and they are not affected by the running from M τ to M Z . In our analysis we use M c = 1.65 GeV and M b = 4.7 GeV. Furthermore, α (3) s (M τ ) = 0.332 [28] is used as starting value of our analysis. In Fig. 3(a) we show α s (µ dec ) using the N -loop renormalization group equations. Afterwards the (N − 1)-loop decoupling relation is applied and finally N -loop running is employed in order to arrive at α (5) s (M Z ). One observes a strong dependence on µ dec for N = 1 (short-dashed line) which becomes rapidly weaker when increasing N leading to a reasonably flat curve for N = 4 (longer dashes correspond to larger values of N ).
Comparison of one-and two-step decoupling approach
In the step-by-step decoupling approach we have two decoupling scales µ dec,c and µ dec,b which can be chosen independently. First we choose 5 µ dec,c = 3 GeV and identify µ dec,b with µ dec . The result for N = 4 is shown in Fig. 3(b) together with the four-loop curve from Fig. 3(a) as dash-dotted line (long dashes). One observes a significantly flatter behaviour as for the one-step decoupling which can be explained by the occurrence of log(µ 2 /M 2 c ) terms in the one-step formula which might become large for large values of µ = µ dec . Alternatively it is also possible to study the dependence on µ dec,c , i.e., identify µ dec,c with µ dec , set µ dec,b = 10 GeV and compare to the one-step decoupling. The results are also shown in Fig. 3(b) as dash-dotted line (short dashes) where only values µ dec ≤ 10 GeV are considered.
For comparison we show in Fig. 3(b) also the result of the two-step five-loop analysis as dotted line where the four-loop decoupling relation is taken from Refs. [4, 5] . The (unknown) five-loop coefficient of the β function, β 4 , is set to zero. 6 If one restricts to scales µ dec between 2 GeV and 10 GeV it seems that the four-loop decoupling constant is numerically more relevant than the power-suppressed terms included by construction in the one-step decoupling procedure. Thus, from these considerations one tends to prefer the two-step decoupling over the one-step approach as it seems that the resummation of log(µ 2 /M 2 c,b ) is more important than the inclusion of power-suppressed corrections. Let us in a next step restrict ourselves to decoupling scales which are of the order of the respective quark masses. In Tab. 1 we compare the value for α (µ c , µ b ) ; see also [27] ) and the version with only one decoupling scale where µ ′ = µ has been set (ζ αs (µ)). We thus define two deviations
where the scale µ in the second equation is either identified with µ c (right part of Tab. 1) or µ b (left part), respectively. It is interesting to note that (except for the choice µ c = 2 GeV and µ b = 10 GeV) the deviations presented in Tab. 1 amount to about 30% to 50% of the uncertainty of the world average for α s (M Z ) which is given by δα s = 0.7 · 10 −3 [30] .
Improving the two-step approach by power-suppressed terms
From the previous considerations it is evident that the resummation of logarithms of the form [α s log(µ c /µ b )] k , which is automatically incorporated in the two-step approach, is numerically more important than power-suppressed terms in M c /M b . Thus it is natural to use the two-step approach as default method and add the power-corrections afterwards. This is achieved in the following way: In a first step we invert ζ αs (µ c , µ b ) (cf. Eq. (1.7)) and express it in terms of α 
s (µ c ). Now an expansion is performed for M c /M b → 0 to obtain the leading term which is then subtracted from ζ −1 αs (µ c , µ b ) since it is part of the two-step decoupling procedure. The result is independent of µ c and µ b and has following series expansion
where the numerical value in the second line has been obtained with the help of the exact dependence on x. Note that the linear term in x arises from the MS-on-shell quark mass relation. The quantity δζ −1 αs is used in order to compute an additional contribution to α (5) s (µ b ) as obtained from the two-step method:
Inserting numerical values leads to shifts which are at most a few times 10 −5 and are thus beyond the current level of accuracy. It is in particular more than an order of magnitude smaller than the four-loop decoupling term which is shown as dotted curve in Fig. 3(b) . Note that as far as the strong coupling in Eq. (6.2) is concerned both the number of flavours and the renormalization scale of α s are not fixed since power-suppressed terms appear for the first time at this order. However, the smallness of the contribution is not affected by the choices made in Eq. (6.2).
6.4 One-step decoupling of the bottom quark with finite charm quark mass An alternative approach to implement power-suppressed corrections in m c /m b in the decoupling procedure is as follows: We consider the step-by-step decoupling and use at the scale µ dec,c the standard formalism for the decoupling of the charm quark as implemented in RunDec [23] . At the scale µ dec,b , however, we consider the matching of five-to fourflavour QCD where we keep the charm quark massive. This requires a modification of the formulae in Eqs. (1.2) and (1.5) to (n ′ f = n f − 1)
where the n f -flavour quantities contain contributions form massive charm and bottom quarks. They are identical to the one-step decoupling procedure described above. In the n ′ f -flavour quantities appearing in the denominators those diagrams have to be considered which contain a charm quark. Note that they depend on the bare parameters of the effective theory (α
) and thus they have to be decoupled iteratively in order to express all quantities on the r.h.s. of the above equations by the same parameters (α
). In the standard approach the n ′ f -flavour quantities vanish since only scale-less integrals are involved.
As a cross check we have verified that we reobtain the analytical result for the singlestep decoupling if we apply the formalism of Eq. (6.4) and the subsequent decoupling of the charm quark at the same scale.
We have incorporated the finite charm quark mass effects in the two-step decoupling approach (cf. Fig. 3 ) and observe small numerical effects. A minor deviation from the m c = 0 curve can only be seen for decoupling scales of the order of 1 GeV which confirms the conclusions reached above that the power-suppressed terms are numerically negligible. Thus we both refrain from explicitly presenting numerical results and analytical formulae for the renormalized decoupling coefficients as obtained from Eqs. (6.4).
Decoupling effects in the strange quark mass
In analogy to the strong coupling we study in the following the relation of the strange quark mass m s (µ) defined with three and five active quark flavours, respectively. The numerical analysis follows closely the one for α s : N -loop running is accompanied by (N − 1)-loop decoupling relations. It is, however, slightly more involved since besides m s (µ) also α s (µ) has to be known for the respective renormalization scale and number of active flavours. We organized the calculation in such a way that we simultaneously solve the renormalization group equations for m s (µ) and α s (µ) (truncated to the considered order) using Mathematica.
In Fig. 4 we show m
s (M Z ) as a function of µ dec and again compare the single-step (dashed lines) to the two-step (dash-dotted lines) approach. For our numerical analysis we use in addition to the parameters specified above m s (2 GeV) = 100 MeV. The same conclusion as for α s can be drawn: The difference between the two approaches becomes smaller with increasing loop order. At the same time the prediction for m more and more independent of µ dec . The results again suggest that the power-corrections M c /M b are small justifying the application of the two-step decoupling.
Effective coupling of the Higgs boson to gluons
The production and decay of an intermediate-mass Higgs boson can be described to good accuracy by an effective Lagrange density where the top quark is integrated out. It contains an effective coupling of the Higgs boson to gluons given by
with O 1 = G µν G µν . C 1 is the coefficient function containing the remnant contributions of the top quark, G µν is the gluon field strength tensor, φ denotes the CP-even Higgs boson field and v is the vacuum expectation value. The effective Lagrange density in Eq. (7.1) can also be used for theories beyond the Standard Model like supersymmetric models or extensions with further generations of heavy quarks. In all cases the effect of the heavy particles is contained in the coefficient function
In Ref. [3] a low-energy theorem has been derived which relates the effective Higgsgluon coupling C 1 to the decoupling constant for α s . In this Section we apply this theorem to an extension of the Standard Model containing additional heavy quarks which couple to the Higgs boson via a top quark-like Yukawa coupling. Restating Eq. (39) of Ref. [3] in our notation and for the case of several heavy quarks leads to 2) where N h is the number of heavy quarks with on-shell masses M i . Using ζ αs from Eq. (1.7) (see also [27]) we obtain for C 1 the following result 7
where α (full) s is the strong coupling in the full theory with n l + N h active quark flavours and
s and specifying the colour factors to SU(3) we reproduce the result of Ref. [31] which has been obtained by an explicit calculation of the Higgs-gluon vertex corrections. For N h = 1 the result obtained in Ref. [3] is reproduced. It is remarkable that although ζ αs contains di-and tri-logarithms there are only linear logarithms present in C 1 .
Conclusion
The main result of this paper is the computation of a decoupling constant relating the strong coupling defined with three active flavours to the one in the five-flavour theory. At three-loop order Feynman diagrams with two mass scales, the charm and the bottom quark mass, have to be considered. The corresponding integrals have been evaluated exactly and analytical results have been presented. The new results can be used in order to study the effect of power-suppressed terms in M c /M b which are neglected in the conventional approach [3] . Various analyses are performed which indicate that the mass corrections present in the one-step approach are small as compared to log(µ 2 /M 2 c,b ) which are resummed using the conventional two-step procedure.
Using a well-known low-energy theorem [3] we can use our result for the decoupling constant in order to obtain the effective gluon-Higgs boson coupling for models containing several heavy quarks which couple to the Higgs boson via the same mechanism as the top quark. This constitutes a first independent check of the result presented in Ref. [31] where the matching coefficient has been obtained by a direct evaluation of the Higgs-gluon-gluon vertex diagrams. and
with L = log x. Note that the functions L ± (x) are analytical from 0 to +∞. For x = 1, I 2 (1) is not independent [16] :
(A.7)
The expansion of I 1 (1) in ε has been studied in Refs. [16, 32] . Using the explicit formulas (3.2) and (2.3) from [14] , it is easy to get .
Expanding this formula in ε we reproduce Eq. (A.4) for x → 0.
B. Ghost-gluon vertex at two loops
We need this vertex expanded in the external momenta up to the linear terms. Let us consider the right-most vertex on the ghost line:
The tensor A µν may be calculated at zero external momenta, hence A µν = Ag µν . Therefore all loop diagrams have the Lorentz structure of the tree vertex, as expected. Now let us consider the left-most vertex: 0 k k .
It gives k λ , thus singling out the longitudinal part of the gluon propagator. Therefore, all loop corrections vanish in Landau gauge. Furthermore, diagrams with self-energy insertions into the left-most gluon propagator vanish in any covariant gauge:
In the diagrams including a quark triangle, the contraction of k λ transfers the gluon propagator to a spin 0 propagator and a factor k ρ which contracts the quark-gluon vertex. After decomposing k / into a difference of the involved fermion denominators one obtains in graphical form
The diagrams with a massless triangle vanish. The non-vanishing diagrams contain the same Feynman integral, but differ by the order of the colour matrices along the quark line, thus leading to a commutator of two Gell-Mann matrices.
The remaining diagram contains a three-gluon vertex with a self energy inserted in the right-most gluon propagator. The contraction of k λ with the three-gluon vertex cancels the gluon propagator to the right of the three-gluon vertex:
The colour structure of the three-gluon vertex is identical to the commutator above, however with opposite sign. Therefore, after summing all contributions the result is zero.
